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Let S be the topological semigroup of all n x n stochastic matrices with the 
usual topology and matrix multiplication. Then S is a compact Hausdod 
semigroup and its kernel (smallest two-sided ideal) K consists of all stochastic 
matrices with identical rows, and is a right-zero semigroup. We identify K 
with the set of all probability vectors in R”. Suppose that p is a probability 
measure on S with support B. Let s’ be the closed subsemigroup of S generated 
by B. From this point on, we assume throughout that S’ n K is nonempty. (This 
condition is easily met if B contains even one stochastic matrix P such that for 
some positive integer m, the matrix Pm has all its entries positive; for, then by 
[I, p. 1391, Iim Pn exists as n tends to infinity and this limit is a matrix in K.) 
Now the kernel of S’ is the set C = S’ n K, which is a right-zero semigroup. 
By Rosenblatt’s theorem [5, 61, the sequence of convolution iterates pn 
converges weakly to some probability measure h whose support is C and which 
satisfies the convolution equation 
h*p=h. (1) 
We notice that Eq. (1) has a unique solution; in other words, if Y is another 
probability measure on K and v * p = V, then v = h. This is because v * pfi = V, 
and therefore by the continuity of convolution, v * X = Y. But v * X = A, 
since K is a right-zero semigroup. This proves the uniqueness of the solution 
of (I). 
In this paper, we consider the question of determining A in terms of CL. This 
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question was first asked by Rosenblatt in [5, p, 1591 for 2 x 2 matrices and was 
considered in [2,4]. For a general TV, the problem seems to be quite complicated. 
Here we study this problem when p has a two-point support B. In what follows, 
B = (P, Q}, and p({P}) = p and p({Q}) = 9, where pq > 0 and p + q -= I. 
We see that even in this case, the problem is quite interesting and our solution 
in this case contains ideas which are generalizable to the case of measures p 
with infinite support. 
Our first result proves a continuity property of A. 
PROPOSITION 1. Suppose that both Pa = lim,,, PqL and Qa = lim,,, g, 
exist and Pa # Q”. Then given l > 0, there exists 6 > 0 such that for any open set 
V with diameter less than 6, X(V) < 6. 
Proof. Suppose that the proposition is false. Then there exist E > 0 and a 
sequence of open spheres V, such that diam( V,) < 1 /n and A( V,) > E. Let A 
be an accumulation point of the sequence of centers of V, . Then /\(A) 3 E. 
Since the mapping1 x + h(Ax-1) is upper semicontinuous, it assumes a maximum 
at some point z in 8’. Let A, = AZ+ and h(A,) = a. Since h satisfies equation 
(l), it is clear that a > E. Since Pm # Qa, either Pa or Q* is different from A, . 
Suppose Pg. # A, . Now from (l), 
h(4) = P&W-‘) + q&‘&Q-‘) 
and therefore, h(A,P-‘) = a. Similarly, h(A,Pen) = a for all positive integers n. 
Since each one of the sequence A,P-n is distinct from the other and X is a prob- 
ability measure, this gives us a contradiction. The proposition now follows 
easily. 
Our next result is basic to the derivation of Theorem 1, the main result in this 
paper. 
Let D be the free semigroup with identity I generated by {Tl , T,} where Tl 
and T, are mappings from the set of probability vectors in Rn into itself such 
that XT, = x . P and xT2 = x . Q. For s in D, let / s i denote the length of s. 
By t 4 s, we mean that t, s are in D and t is a proper right divisor of s; i.e., 
t,t = s for some t, # I in D. Then we have the following result. 
PROPOSITION 2. Suppose that matrices P = (pii) and Q = (qij) satisfy the 
following condition. For all i, j 
i 1 pi, - pj, I < 2 and 
k=l 
g1 I Qik - %k I < 2. (4 
1 For a set L C S and x in S, Lx-’ means { y E S : yx E Lj . 
394 MUKHERJEA AND NAKASSIS 
Then there exists a constant Y in (0, 1) such that fm any probability vectors x, y 
andfor any s in D with j s / = m, we have 
d(=, ys) B y” * d(x, Y) (3) 
where for x = (xi) and y = ( yi), 
d(x,y)= f I 
i-1 
*i - yi I * 
Proof. It is sufficient to prove that for any vector c = (cl , cs ,..., c,) in R@ 
with & ci = 0, we have 
g1 (I g cz9G I) G (6/2) * f I G5 I j-l 
and 
(4) 
(5) 
where 
’ = sup i 1 Pik - Pjk 1 P f 1 qik - $k 1 < 2. 
i.j I k=l k=l I 
We prove (4) only, since the proof of (5) is similar. If all ci are zero, then (4) is 
immediate. Otherwise, we can find real numbers ail such that (i) for each i, 
ci = x1 ail; (ii) for a fixed i, all the ai2 are of the same sign; and (iii) if K many 
ail are equal to a number b, 
equal to -b. Then we have 
11 C CPij 
j i 
then there are exactly another k ail’s which are 
G C ai, 2 I Pi5 - PkWi I 
ail>0 J-l 
< 6 C aiz < (s/2) * f I ci I - 
ad-0 i-1 
This completes the proof. 
Now we give the following definitions. 
(i) If s E D and s is the product (in any order) of k Tl’s and m T2’s, then 
we define v(s) = pkqm; 
(ii) for any open set 0 C Rn, we define 
S(0) = {s: s E D, Cs C 0 and t J s implies Ct Q O}. (6) 
Then we have the following theorem. 
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THEOREM 1. Suppose that the matrices P and Q satisfy condition (2). For every 
open set 0 C Rn, let f (0) = CSES(,,~ D(S). Then for all open sets 0 C R”, f (0) = 
40). 
Proof. The proof of this theorem follows from Lemmas 1 to 7, where we 
show that f can be extended to a regular probability measure with support C 
and satisfying the convolution equation (1). The theorem follows from this 
fact, since the solution of (1) is unique. 
LEMMA 1. For every open set 0 C R”, f satisjies 
f(0) =pf(OP-l) + P.f(w-')~ (7) 
Proof. It is clear that C C 0 implies that C C OP-l and CC OQ-i, and in 
this case, I E S(0) n S(OP-l) n S(OQ-‘) and so (7) follows. Otherwise, it can 
be verified easily that S(0) = S(OP-1) T1 U S(OQ-l) T, , and that the union 
on the right-hand side is a disjoint union. From this observation, (7) follows 
immediately. 
LEMMA 2. For every nonnegative integer m, C = (Jsl=, Cs. 
Proof. The lemma is trivial for m = 0. We notice that the set CP u CQ is 
contained in C, and also is an ideal of C. Therefore, CP LJ CQ = C. Hence 
u Cs = u (Cl’ u CQ) s = u Cs. 
pj=m+1 Isi- I+- 
The lemma now follows easily by induction. 
LEMMA 3. For every open set 0 C Ii” such that 0 n C is nonempty, f (0) 
is positive. 
Proof. Let x E 0 n C. Then there is a positive E such that d(y, x) < E 
implies y E 0. Since for a sufficiently large positive integer m and s in D with 
/ s I = m, the diameter of Cs is less than E by Proposition 2, it follows from 
Lemma 2 that for some s in D, C’s C 0. Hence S(0) is nonempty, and conse- 
quently, f(0) is positive. 
LEMMA 4. Suppose that 0, and 0, are open sets in Rn such that 0, C 0, . 
Then f (0,) < f (0,). 
Proof. It is clear that if s E S(O,), then either s E S(0,) or there exists t J. s 
such that t E S(O,), in which case v(s) < v(t). Also, even if the set 
A, = {s E S(0,): t 4 s} for t E S(0,) 
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contains more than one element, then it is easy to verify that 
The lemma now follows from this observation. 
LEMMA 5. Suppose that 0, and 0, are any two open sets in Rn such that 
d(0, , 0,) is positive. Then f(0, u 0,) >f(OJ +f(O,). 
Proof. Clearly S(0,) n S(0,) is empty. Now for s in S(O,), Cs C 0, C 
0, u 0, . Therefore, either s E S(0, u 0,) or there exists t 4 s such that 
t E S(0, U 0,). Since as in Lemma 4, Z{v(s): t 4 s} < v(t), the lemma follows. 
LEMMA 6. Dejine for A C Rn, f *(A) = inf(f (0): 0 open and A C O}. Then 
(i) f * is an outer measure; (ii) for open 0, f *(0) = f (0); (iii) f * is a metric outer 
measure, i.e., d(A, E) > 0 implies f *(A u E) = f *(A) + f *(E) for any two sets 
AandECRn. 
Proof. Assertion (i) follows immediately from the definition off *. Assertion 
(ii) follows from Lemma 4. To prove (iii), let E > 0. Then there exists an open 
set 0 r) A u E such that 
f*(O) <f “(A u E) + c. 
Since d(A, E) is positive, we can find open sets Or , 0, such that OrI A, 
0, 1 E, 0, u 0, C 0 and d(0, , 0,) is positive. Now by Lemmas 4 and 5, 
f*(o) >f *p, u 0,) >f(O,) +f(o,) 2f *(A) +f *(Q 
Since E > 0 is arbitrarily chosen and f * is an outer measure, (iii) follows. 
LEMMA 7. The outer measure f *, restricted to the Bore1 subsets of C, is a 
regular probability measure usuch that f *(0) = f (0) for all open sets 0. Moreove, 
v*p = v and v has support C. Hence, v = h. 
Proof. By Lemma 6, f * is a metric outer measure. By [3, p. 591, all Bore1 
subsets of C are f *-measurable. Hence the restriction off * is a regular proba- 
bility measure on the Bore1 subsets of C. The rest follows from Lemmas 1 
and 3. 
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